We provide a necessary condition for the existence of a compact Clifford-Klein form of a given homogeneous space of reductive type. The key to the proof is to combine a result of KobayashiOno with an elementary fact that certain two different Clifford-Klein forms have the same cohomology ring. We give some examples, SL(p + q, R)/SO(p, q) (p, q : odd) for instance, of homogeneous spaces which do not admit compact Clifford-Klein forms.
Introduction
Let G be a Lie group and H its closed subgroup. If a discrete subgroup Γ of G acts properly discontinuously and freely on G/H, the double coset space Γ\G/H becomes a manifold locally modelled on G/H. The space Γ\G/H is then called a Clifford-Klein form of G/H.
In this paper, we study the following problem:
. ([8]) When does G/H admit a compact Clifford-Klein form?
Using the results of [4] [23], A. Borel [3] proved that when G is linear reductive and H is compact, G/H always admits a compact Clifford-Klein form. In contrast, if G is a linear reductive Lie group and H is a noncompact closed reductive subgroup of G, G/H does not necessarily admit a compact Clifford-Klein form. A systematic study of Problem 1.1 in this case was initiated by Kobayashi [8] . Since then, various methods derived from diverse fields in mathematics have been applied to this problem ( [1] [10] [15] [22] [24] [25] for instance). Methods and results on this topic are surveyed in Kobayashi [12] [14], Kobayashi-Yoshino [16] , Labourie [18] and Constantine [6] . Remark 1.5. We mention some related results that were previously obtained by using different methods:
• (1) is new to the best of the author's knowledge.
• Concerning (2), Kobayashi [10] proved that SL(2p, R)/SO(p, p) (p > 0) does not admit a compact Clifford-Klein form. Benoist [1] gave alternative proof of this result, and also proved that SL(2p + 1, R)/SO(p, p + 1) (p > 0) does not admit a compact Clifford-Klein form.
• Concerning (3), Kobayashi [10] proved that SO(n, n)/SO(n, C) (n : even) does not admit a compact Clifford-Klein form. For odd n, (3) is new to the best of the author's knowledge.
• Concerning (4), Kobayashi [10] proved that O(p + r, q + s)/(O(p, q) × O(r, s)) does not admit a compact Clifford-Klein form unless min{p, q, r, s} = 0. We assume s = 0 without loss of generality. Then, furthermore, O(p + r, q)/(O(p, q) × O(r)) does not admit a compact Clifford-Klein form if p + r > q (Kobayashi [10] ), (p, q, r) = (2n, 2n+1, 1) (Benoist [1] ), or p, q, r are all odd (KobayashiOno [15] ). On the other hand, it admits a compact Clifford-Klein form if (p, q, r) = (1, 2n, 1), (3, 4n, 1), (7, 8, 1) , (1, 4, 3) , (1, 4, 2) (Kulkarni [17] , Kobayashi [10] [12]).
We can also apply our method to non-symmetric homogeneous spaces. For instance: Corollary 1.6. A homogeneous space G/H does not admit a compact Clifford-Klein form if (G, H) is one of the following:
Remark 1.7. Corollary 1.4 (4) is a special case of Corollary 1.6 (4).
Remark 1.8.
• The existence problem of compact Clifford-Klein forms of SL(n, F)/SL(m, F) (n > m, F = R, C, H) has been attracted considerable attentions. The first result was obtained in [9] in the setting n = 3, m = 2, F = C. Some further works are in [1] [20] proved that SL(n, R)/SL(m, R) does not admit a compact Clifford-Klein form if n − m > 2. Unfortunately, Theorem 1.3 gives no information about this case.
• Benoist [1] 
does not admit a compact Clifford-Klein form if pq is even.
• By applying the method of [10] 
Preliminaries and proof of Theorem 1.3
We work in the following setting unless otherwise specified: Convention 2.1. G is a linear reductive Lie group and H is a closed connected subgroup of G which is reductive in G. Without loss of generality, we shall realize G and its subgroup H as closed subgroups of GL(N, R) that are stable under transposition. G C and H C are connected Lie subgroups of GL(N, C) with Lie algebras g C = g ⊗ C and h C = h ⊗ C, respectively. We assume that G C and H C are closed in GL(n, C). Put G U = G C ∩ U (N ) and
. They are compact connected real forms of G C and H C , respectively. Finally, put K G = G ∩ O(N ) and K H = H ∩ O(N ). They are maximal compact subgroups of G and H, respectively. Remark 2.2. (1) Since we assumed that H is connected, K H is also connected by the Cartan decomposition, and hence a closed subgroup of H U .
(2) The assumption that H is connected is not a serious restriction by the following result, which is essentially proved in Kobayashi [8] We prepare some results on the topology of Clifford-Klein forms to prove Theorem 1.3. First, we observe that:
(1) If Γ acts properly discontinuously on G 1 /G 2 , it also acts properly discontinuously on G 1 /G 3 .
(2) If Γ acts freely on G 1 /G 2 , it also acts freely on G 1 /G 3 .
(3) If the assumptions of (1) and (2) are satisfied, the projection π : Suppose Γ\G/H is a Clifford-Klein form of G/H. Then it follows from Lemma 2.4 (1) (2) that Γ\G/K H is also a Clifford-Klein form. We do not assume that Γ\G/H is compact until the compactness is needed.
Proof. By Lemma 2.4 (3) and the Cartan decomposition, the projection π : Γ\G/K H → Γ\G/H is a fibre bundle with contractible typical fibre H/K H . Thus the statement is an immediate consequence of the LeraySerre spectral sequence.
Next, let us recall a homomorphism η constructed in Kobayashi-Ono [15] . The space
Taking cohomology, we obtain Proof of Theorem 1.3. η :
can be defined in the same way as above. By definition, the diagram
is commutative. By Proposition 2.5, π * on the right-hand side is isomorphic. If Γ\G/H is compact, then η on the above is injective by Fact 2.6 and therefore π * on the left-hand side has to be injective. This completes the proof.
The Chern-Weil homomorphism and noninjectivity
To apply Theorem 1.3, we have to find examples of G/H such that π * :
is not injective. In this section, we give a sufficient condition for non-injectivity, which is easy to verify in typical cases.
is defined. It is straightforward to see that the diagram
is commutative. Here, rest :
is equal to the ideal J G U /H U generated by
Proposition 3.2. Assume that
Then the homomorphism π * :
is not injective, and hence G/H does not admit a compact CliffordKlein form.
Proof. By Fact 3.1, we can pick P ∈ (S(h U ) * ) H U such that w(P ) = 0 and
By Chevalley's restriction theorem, we can rewrite Proposition 3.2 in terms of Cartan subalgebras and Weyl groups as follows. 
Convention 3.3. We take maximal tori
T G U of G U , T H U of H U , T K G of K G and T K H of K H such that T G U ⊃ T H U ⊃ T K H and T K G ⊃ T K H .
Let us denote by
In other words, I G U /H U is the ideal of (S(t h U ) * ) W H U corresponding to
Corollary 3.4. Assume that
Then G/H does not admit a compact Clifford-Klein form.
Reduction to maximal tori
In the statement of Theorem 1.3, one can replace K H by T K H :
induced by the projection π : 
induced by the projection π : M/T → M/K is injective and its image is
Proof of Corollary 4.1.
is injective. Thus π * :
is injective. Now the statement follows from Theorem 1.3.
Examples
In this section, we prove Corollary 1.4 and Corollary 1.6.
Proof of Corollary 1.4.
(1) It is enough to confirm that the assumption of Proposition 3.2 is satisfied when G U = U (2n), H U = U (n) × U (n) and
Recall that (S(u(n)) * ) U (n) is the polynomial algebra generated by {c 1 , . . . , c n }, where c i ∈ (S i (u(n)) * ) U (n) refers the elementary symmetric polynomial of U (n) of degree i. Geometrically, c i corresponds to the i-th
. . , 1 ⊗ c n } and {c 1 , . . . , c n }, respectively. The restriction maps are given by
Therefore,
On the other hand,
namely, c 2 ⊗ 1 − 1 ⊗ c 2 is not contained in the ideal of (S(h U ) * ) H U generated by the restrictions of the positive-degree parts of the elements of (S(g U ) * ) G U . Thus the assumption of Proposition 3.2 is satisfied. (2) We first remark that we may replace SO(p, q) with its identity component SO o (p, q) by Fact 2.3. Thus it suffices to confirm that the assumption of Proposition 3.2 is satisfied when G U = SU (p + q), H U = SO(p + q) and K H = SO(p) × SO(q). Recall that (S(so(n)) * ) SO(n) is the polynomial algebra generated by {p 1 , . . . , p n−1 2 } when n is odd, and by {p 1 , . . . , p n−2
2
, e} when n is even (note that p n 2 = e 2 ). Here p i ∈ (S 2i (so(n)) * ) SO(n) corresponds to the i-th Pontrjagin class and e ∈ (S n 2 (so(n)) * ) SO(n) corresponds to the Euler class. Since p + q is even,
is freely generated by {p 1 , . . . , p p+q−2
, e}. Now, since p and q are odd,
namely, the restriction of the Euler class e to so(p) ⊕ so(q) is equal to zero. On the other hand, since the restrictions of the elements of (S(g U ) * ) G U are written as polynomials of Pontrjagin classes, e / ∈ J G U /H U . (3) (4) The proofs are analogous to (1) and (2) 
By the assumption of Proposition 3.2 for (G, H),
; it is a straightforward consequence of the fact that the re-
also satisfies the assumption of Proposition 3.2.
Proof of Corollary 1.6. (1) Suppose n 1 , n 2 > 2.
(SL(n 1 + n 2 , R), SL(n 1 , R) × SL(n 2 , R)) satisfies the assumption of Proposition 3.2. Indeed,
Here, c i ∈ (S i (su(p)) * ) SU (p) refers the i-th Chern class of SU (p). Then (SL(n 1 + · · · + n k , R), SL(n 1 , R) × SL(n 2 , R)) also satisfies the assumption by Proposition 5.1 (1) and thus so does (SL(n 1 + · · · + n k , R), SL(n 1 , R) × · · · × SL(n k , R)) by Proposition 5.1 (2) . In particular, SL(n 1 + · · · + n k , R)/(SL(n 1 , R) × · · · × SL(n k , R)) does not admit a Clifford-Klein form.
The proofs of (2)-(4) are parallel to that of (1).
Remark 5.2. More generally, if n 1 , n 2 > 2, then
• SL(n 1 + n 2 + n 3 , R)/(SL(n 1 , R) × SL(n 2 , R) × H ′ ) and
• SL(n 1 + n 2 + n 3 , R)/(S(GL(n 1 , R) × GL(n 2 , R)) × H ′ )
do not admit compact Clifford-Klein forms for any closed subgroup H ′ of SL(n 3 , R) such that H ′ is reductive in SL(n 3 , R) and the complexification of H ′ is closed in SL(n 3 , C). The proof is the same as that of Corollary 1.6 (1). The similar results also hold for (2)-(4).
Some remarks
We give a proof of [8, Proposition 4.10] in the spirit of [15] rather than [8] which uses an argument of spectral sequence:
Corollary 6.1. If rank G = rank H and rank K G > rank K H , G/H does not admit a compact Clifford-Klein form.
